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Partitioned Model Reduction for Large
Space Structural Control Problem
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A model reduction method for control system design of large space structures is presented. The control model of
the structure is partitioned into several subdomains, and a generalized Craig-Bampton representation is derived. In
considering the placement of actuators/sensors that may affect the selection of the candidate modes, the representa-
tive degrees of freedom (DOF) of the actuators/sensors are retained as physical DOF in the final coordinate vector. A
reduced model for the controller design is obtained based on this representation. As an example, a space truss subject
to four actuator forces is analyzed. Comparison with a conventional reduction method based on a complete model of
the truss has been made via eigenpairs and dynamic responses. Good agreement is seen to be achieved, and improved
accuracy is obtained with the proposed method. The importance of the actuator/sensor related DOF and the effec-
tiveness of the proposed approach in dealing with the very localized DOF are investigated under the extreme con-
dition where only these four actuator/sensor related DOF are considered as the dimension for the model reduction.

Introduction

I N space engineering an increasingly important consideration in
the design of control systems for large space structures (LSS)

is economical model preprocessing. This research area has become
very attractive, of late, and now sees a large proportion of literature
devoted to partition techniques and modal space reduction methods
for optimal control purposes. Partitioned approaches have found fa-
vor in the simultaneous analysis of control-structure interaction,1-2

in which several computational aspects and discipline-oriented mod-
els are involved. In this circumstance, it may be impossible to put
all of the analysis aspects into a single set of governing equations.
Modal space reduction is quite intuitive; one problem, however, is
that direct superposition of lower-order modes may lose the local
structural dynamic behavior, which could seriously affect the design
of the control system. In fact, the selection of suitable modes must
be subject to such criteria that the reduced model can fully represent
the system as accurately as the original. There are two typical modal
selection methods based on internal balancing theory3 and modal
cost analysis.4 However, an essential implication of these methods
is that all of the eigenpairs of an LSS are obtained in advance so that
selection can be made. For most practical LSS, this is obviously an
intractable task.

The well-developed component mode synthesis (CMS) technique
has been used in the mechanical and aerospace industry for structural
analysis involving eigenvalue problems since the 1960s. For some
time, the Craig-Bampton (CB) representation5 has been widely used
with this technique. In more recently developed methods for con-
trol system design of space structures,6-7 the CMS method has been
shown to be effective. This paper presents a partitioned approach
to the CMS technique for model reduction of control system de-
sign for LSS. The study has been motivated by research on ac-
tive/semi active vibration suppression8 with simultaneous optimiza-
tion and control.9 First, the model of an LSS may be repeated or
periodical, which can be solved economically, or may be a coupled-
field problem (e.g., a system with local nonlinearities, or a flexible
multibody system with constraints, or a system coupled with electric
and thermal fields), where it is preferable to weaken the coupling
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by domain partition, and then use an existing single-field solver on
these individual domains. Second, the traditional CB-based CMS
deals with substructures, enforcing compatible interfaces of each
of them. Consequently, on assembly of these substructures, all of
the information concerning the substructures must be processed.
Most importantly, the traditional CMS cannot consider placement
of actuator and sensor and the concomitant benefits in control sys-
tem design. The technique being presented herein separates the LSS
into subdomains and then for each subdomain a CB representation
is employed with displacement of adjacent subdomains being con-
sidered to be boundary displacements. Since the actuator and sensor
placement may dominate the selection of the candidate modes, the
actuator and sensor associated degrees of freedom (DOF) are taken
into account by retaining them as physical DOF in the final general-
ized coordinate vector. This results in a modified CB representation
from which a full rank transformation is derived for the model re-
duction of the controlled LSS. To demonstrate the effectiveness of
this reduced model, a space truss with four actuator forces is solved.
Comparison with a conventional model reduction method is made
via evaluated eigenpairs and observed truss response.

Partition of Structural Control Model
The general second-order form of a linear and time-invariant

structural control model may be written as

(1)

where M, C, and K are the mass, damping, and stiffness matrices.
The vector Y is the measurement of observed displacements and
velocities from the sensors; and S\ and S2 are, respectively, the
matrices locating displacement and velocity sensors at nodal DOF.
The system is regulated by a vector of control input u via matrix BO.

Suppose the structure is divided into Nx subdomains. The follow-
ing partitioning of D and the matrices of Eq. (1) are

D =

C =

M =

V,l ™NS2

C \ C \ 2 • • • C\N
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the transformation matrix between d\ and 77/ is then

_&yyvl ^yV.v2 ' ' ' k^x J

The equation of motion of the /th subdomain can be written as

Nx Nx

mjdj -\-c\d\ -\-kjdj + y Cjjdj + y kjjdj — bo,u (2)

A lumped-mass matrix is assumed such thatm/y = ( fw/ / ) 7 = 0 for
/ ^ y . Note that the influence on the /th subdomain is limited to the
boundary displacements of its related subdomains, indicating that
the matrices k\-} and c/,- should be zero if j £ J,, where 7, is an
adjacent set of the /th subdomain.

Equation (2) is an explicit equation of motion for the /th sub-
domain, which can be seen to be more straightforward than the
traditional CMS.

CB Representation with Consideration
of Actuators/Sensors Location

The vector d\ is partitioned into a subset of ordinary displace-
ments d" and a subset of actuator/sensor displacements expressed
by d] e R"ix. The latter may be important in control system design
and should be retained as physical DOF in the final generalized
coordinate vector. Compared with d", d] is usually characteristic
of some localized displacements with smaller dimension n-ls. The
partitioning of*// yields (damping being neglected)

f <
dj} = 0 (3)

where m"s = (ms")T = 0 for a lumped-mass matrix.
Consider the upper partition of the static portion of Eq. (3). The

contribution of the constrained modes, denoted as d"cm , may be
represented by

and <£>// = -(k(-(~lk(}j

(4)

are the constrainedwhere <p- = —(k(-)~lk(-*
mode matrices.

The constrained normal modes of the /th subdomain can be ob-
tained from the eigenvalue problem of Eq. (3) with d] and all of the
dj being totally constrained, i.e.,

= 0 (5)

where (A", 0") is an eigenpair of Eq. (5) and 0," m"(j>° — 1. It is as-
sumed that d" contains a reasonably large number of displacements
and can be approximated by

where q, e Rni(' is a small set of modal coordinates and accord-
ingly 0,° is a truncated eigenmode matrix. According to Craig and
Bampton,5 the displacement d" may be expressed as

(7)

T= O o (8)

Equation (8) is a general expression for d, in terms of 77/ and
the displacements of all subdomains. Note that the entries {pr]
(j = 1 , 2 , . . . , Nx) should be zero if j £ J{. Furthermore, be-
cause only the boundary displacements of the adjacent subdomains
have contribution to */,-, the coefficient matrix of the second term of
Eq. (8) may be a highly sparse matrix.

Because of actuator/sensor involvement, the CB representation,
Eq. (8), is expected to give more flexibility in control system de-
sign. It should be pointed out that the possible displacement vectors
d] (/ = 1 , 2 , . . . , /Vv) may be not only the actuator/sensor related
nodal DOF but also some other significant DOF that, in the opinion
of the designer, is important to the control system design.

Mode Synthesis
Rearranging Eq. (8) for all of the A/v subdomains gives

(9)

where

T =

0 <p , 2

0 0

(f>21 0 (^23

0 0 0

<p\3 • • • <P\NX

0 0

^A\3 0

0 • • • 0

It is not difficult to prove that/ — ̂  has an inverse, but, in general, it
is nonsymmetric. This means that it is difficult to evaluate (/ — 4>)~ '
directly. However, if the prescribed actuator/sensor displacements
of the subdomains are not on the boundaries of the subdomains, i.e.,
d* n df — 0 (/ = 1 , 2 , . . . , N,), where d1- is the vector of boundary
displacements of the /th subdomain, the calculation of (/ - vj /)-1

can be significantly simplified.
Theorem: The inverse of/ - 4> in Eq. (9) is (/ - ^)~ ' = K~lK(i

ifd* H df = 0 (/ = 1, 2, . . . , /Vv) , where

Let

be the final coordinate vector of the subdomain and
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Proof: The term K(i is a symmetric and positive definite matrix.
Premultiplying both sides of Eq. (9) by Kd gives

(Kd -

where

0 -**2

0 0
~k2\ °

0 0

= KdTri

0

0

(10)

0

0

_fcO __fcO _fcO Q

0 0 0 • • • 0

Furthermore, the submatrix k(\- can be partitioned into

where k°° and kfj correspond to, respectively, the ordinary and actu-
ator/sensor displacements of the y'th subdomain. Because*/* f l r fy =
0, so that kf- = 0. Hence

Rewriting Km in the following form will not change its properties:

'r° If00 - If00 0 . . . 0L i A, T O A- I ik/ V \->

K =

1,0
/to

0 0

*UV, 0

*°Ns o

0 0

It can be readily found that the upper partition of Km is actually the
reduced global stiffness matrix by simply crossing the columns and
rows corresponding to the displacement vector dy in the global stiff-
ness matrix. Therefore it is a symmetric and positive definite matrix.
The lower partition of Km is nothing but the submatrix with all of the
ordinary displacements constrained and is symmetric and positive
definite, so that Km is symmetric and positive definite. Therefore
from Eq. (11) we have

- 4/ = Kd
lKm = K^Kd (12)

The Theorem is therefore proved.
Calculation of K~lKd could be expected to be much easier than

that of (7 - 4T1. Thus D can be solved from Eq. (9) as

Using Eq. (13), one can evaluate the reduced stiffness and mass
matrices as

K* = M* = T'MT (14)

and the desired reduction of the eigenvalue problem of Eq. (1) can
then be written as

K*3>* — M*O*^2* = 0 (15)

where O* is the eigenvector matrix, £2* — diag{&>*2 cof • • • &>*£},
and Nr is the reduced dimension.

It can be proved that if Nr -+ N, then £2* -> Q, and <J>* -> O,
where Q and <$> are, respectively, the exact eigenvalue and eigenvec-
tor matrices of Eq. (1). This property guarantees the convergence of
Eq. (15); i.e., if the dimension of the selected coordinate vector 77 is
large enough, then accurate eigenpairs can be obtained.

Reduction of the Control Design System
Application of the transformation Eq. (13) to the control design

problem Eq. (1) gives

?7 = TTB(]u
(16)

Furthermore, making use of the transformation

il = 3>*S (17)

where £ is a modal coordinate vector, Eq. (16) will become

I +2££2*j£ + £2*£ = <b*TTTB()U
(18)

where £=diag{£i £2 ••• £/v rK tne damping ratio matrix, and

In summary, unlike the traditional CMS, there are no interface
displacements in the final coordinate vector rj in Eq. (13), mean-
ing all DOF of a subdomain can be reduced. This is a significant
advantage of the present method, especially where a large number
of interface DOF have to be dealt with. Also, direct partitioning of
Eq. (1) makes it easy to implement the subdomain method based on
commercially available finite element method codes, because only
the information about the global matrices is required. Finally, in
attempting to maintain the integrity of the representation, the defi-
nition of these special displacements d] may be extended to those
of importance to the designer of the control system, an example of
which could be the very localized DOF excited by impact loading
or other minor physical nonlinearities.

Space Truss Structure
The space truss structure shown in Fig. 1 was analyzed. Properties

of the members of the truss are as follows: Young's modulus E =
107 N/m2, density p = 2700 kg/m3, and cross-section area A =
0.001 m2. Four added masses are attached at the third bay of the
truss with value ma = 100 kg, and four constant actuator forces with
amplitude p = 1000 N act at the tip of the truss. The number of
DOF of the complete model of the truss is 84. The truss structure is
divided into two subdomains as shown in Fig. 2. The first subdomain
has 36 DOF, but no actuator/sensor DOF, i.e., n\x = 0. The second
subdomain has 48 DOF and four actuator DOF, n2, = 4. The reduced
dimension for the truss is therefore Nr = n\q + n2c, + n2.v.

Eigenvalues
The eigenvalue problem was solved for two different models: the

complete model (CM) and the reduced model (RM) with Nr = 34.
The present model shows a good agreement with the CM model for
lower-order eigenpairs. A number of numerical experimental results
have shown that the present model is likely to give higher eigenpairs,

n z

a P

Fig. 1 Space truss structure with 91 members and 32 nodes.

Subdomain 1 Interlayer Subdomain 2

Fig. 2 Division of subdomains.
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which are associated with localized actuator/sensor DOR As shown
in Pig. 3, the first 34 eigenvalues from the CM model are in the range
0-1000.0, whereas the 34 eigenvalues by the present model reach
to 2000.0: 29 eigenvalues being located within the range from 0 to
1000.0 and 5 eigenvalues in the range from 1000.0 to 2000.0.

Dynamic Response
A direct assessment method for the RM is to check the open-

loop response of the truss. This dynamic response was evaluated by
three different methods: 1) direct superposition with all 84 modes
of the CM model (DS84); 2) direct superposition with first Nr = 34
modes of the CM model (DS34); and 3) superposition with all 34
modes of the reduced model (SRM34). Using Duhamel's integral,
an analytical solution can be obtained for individual modes with
the given constant input. The solution of DS84 is nearly exact and
is therefore used as a reference. For SRM34, values of n\q — 10,
n-iq — 20, and n^s = 4 are considered.

When the locations of actuators/sensors are considered, the
SRM34 is sensitive to the localized characteristics of the truss and
can avoid losing information in the reduction procedure. This is
demonstrated in Fig. 4, in which the horizontal displacement of
node a, denoted as ua, within the period 0 to Tf = 0.01 s is eval-
uated. The response of SRM34 is found to be much more accurate
than that of DS34. To match the accuracy of SRM34 with direct
superposition, at least 74 eigenmodes are required. This is because
under impact loading higher-order modes associated with the actu-
ators have been created; however, unlike SRM34, DS34 may not be
able to take the effects of those higher-order modes into account.
It is true that the accuracy of the solution by SRM34 may vary
with the balance index of the DOF between the two subdomains.
To investigate the influence of the balance index on the accuracy,
we define sr = f(^f \u'a — ua

a\ dt and e, = f()
 f \us

a — ua
a dt as the

cumulative error in the response ua during interval [0, 7/], where
u'a and us

a are the responses of ua by SRM34 and DS34, respec-
tively, and u" by DS84. The balance index of the DOF is defined as
r = (n-ic, + n2X)/Nr', the larger the value of r, the more attention is
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Fig. 3 Frequency diagram of the eigenvalues obtained by different
models with Nr = 34.
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Fig. 4 Comparison of response ua for 0.01 s impacting by four actuator
forces.
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Fig. 6 Comparison of response ua under extreme conditions of Nr = 4.

paid to the second subdomain where all four actuators are located.
To enhance our understanding, an increase in 7} from 0.01 to 0.1 s
is investigated, and the cumulative error sr and e, against the index
r is evaluated. It is shown in Fig. 5 that the cumulative error of ua
by SRM34 is less than that of DS34 for all of the values of r from
4/34 to 34/34. Higher values of r result in lower errors by SRM34,
showing the importance of the impact localization.

The importance of the actuator/sensor related DOF is illustrated
in Fig. 6, in which the extreme condition n\q — n2c, = 0, i.e., Nr =
n,2s = 4 is considered. It can be seen that the response ua by direct
superposition is incorrect, whereas the result by the present method
compares well with the exact solution.

Conclusions
A generalized CB representation with consideration of actua-

tors/sensors placement has been derived and used in the reduction
of a control model applied to LSS. Detailed numerical simulation
of an 84 DOF space truss has demonstrated the effectiveness of
the representation. It has been found that the reduced model based
on this representation can give satisfactory results for both mode
synthesis and dynamic response analysis for the purpose of con-
trol system design. The importance of the actuator/sensor related
DOF was studied under the extreme condition that only Nr = 4
DOF were considered. The numerical results have shown that the
proposed approach can compensate for information ignored by tra-
ditional methods and provide acceptable results, whereas the direct
superposition method totally failed in the computation.
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